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1 Three Basic Substitutions

1.1 Integrals involving
√
a2 − x2:

Let x = a sin θ ,

a2 − x2 = a2 − a2 sin2 θ = a2(1− sin2 θ) = a2 cos2 θ

1.2 Integrals involving
√
a2 + x2:

Let x = a tan θ ,

a2 + x2 = a2 + a2 tan2 θ = a2(a+ tan2 θ) = a2 sec2 θ

1.3 Integrals involving
√
x2 − a2:

Let x = a sec θ ,

x2 − a2 = a2 sec2 θ − a2 = a2(sec2 θ − 1) = a2 tan2 θ

1.4 (a)
√
a2 + x2 = a| sec θ|

(b)
√
a2 − x2 = a| cos θ|

(c)
√
x2 − a2 = a| tan θ|
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圖示如下:

� Ex. 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (example1, p450)

Evaluate

�
dx√
4 + x2

.

sol:

� Ex. 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (example2, p451)

Evaluate

�
x2 dx√
9− x2

sol:
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� Ex. 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (example3, p451)

Evaluate

�
dx√

25x2 − 4
, x > 2/5.

sol:
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實習課練習 (EXERCISE 8.3)

4.

� 2

0

dx

8 + 2x2

7.

� √
25− t2 dt

10.

�
5 dx√
25x2 − 9

, x > 3/5

17.

�
x3 dx√
x2 + 4

20.

� √
9− w2

w2
dw

33.

�
v2

(1− v2)5/2
dv

43.

�
x dx√
1 + x4

46.

� √
x

1− x3
dx
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